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Abstract 

We show that the support of a simple weight module over the Neveu- 
Schwarz algebra, which has an infinite-dimensional weight space, coincides 
with the weight lattice and that all non-trivial weight spaces of such mod- 
ule are infinite-dimensional. As a corollary we obtain that every simple 
weight module over the Neveu-Schwarz algebra, having a non-trivial finite- 
dimensional weight space, is a Harish-Chandra module (and hence is either a 
highest or lowest weight module, or else a module of the intermediate series). 
This result generalizes a theorem which was originally given on the Virasoro 
algebra. 
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1. Introduction 

It is well known that the Virasoro algebra Vir plays a fundamental role in two- 
dimensional conformal quantum field theory. As the super-generalization, there 
are two super- Virasoro algebras called the Neveu-Schwarz algebra and the Ramond 
algebra corresponding to N = | and N = 1 super- conformal field theory respectively. 
Let 9 = \ or which corresponds to the Neveu-Schwarz case or the Ramond case 
respectively. The super- Virasoro algebra SViriff) is the Lie superalgebra SVir{6) = 
SVirQ © SViri t where SVirQ has a basis {L n , c \ n e Z} and SVir\ has a basis 



* Supported by the National Natural Science Foundation of China (No. 10931006). 
** Email: xfzhang@xznu.edu.cn; xzsw8577@163.com 



1 



{G r | r G 6 + Z}, with the commutation relations 



[L m , L n ] — (n — m)L n+rn + <5 m+raj o — ^ — c ) 
[L m , G>] = (r — )G m+r , 
4r 2 - 1 

[G r , G a ] = 2L r+s H — — 5 r+Si oc, 
[SVir&c] = = [SViri,c], 

for m, n G Z, r, s G + Z. 

The subalgebra f) = CL © Cc is called the Cartan subalgebra of SVir(6*). An 
P)-diagonalizable SVir (0)-modu\e is usually called a weight module. If M is a weight 
module, then M can be written as a direct sum of its weight spaces, M = ® M\, 
where M A = {d£ M\L v = X(L )v, cv = X(c)v}. We call {A|M A 7^ 0} the support of 
M and is denoted by supp(M). A weight module is called Harish- Chandra module 
if each weight space is finite-dimensional. 

In [1], [2], [3], [7], the unitary modules, the Verma modules, the Fock modules 
and the Harish-Chadra modules over SVir(6) are studied. In this paper, we try to 
give the classification of simple weight modules for the Neveu-Schwarz algebra with 
a finite-dimensional weight space. Our main result generalizes a theorem which was 
originally given on the Virasoro algebra in [6]. 

For convenience, we denote the Neveu-Schwarz algebra by NS instead of SVir(\) 
and we define 

_ / L k , if fceZ, 
k \G k , if k G \ + Z. 

Suppose M is a simple weight NS— module, then c acts on M by a scalar and 
M can be written as a direct sum of its weight spaces, M = @M A , where M A = 
{v G M\L v = \v}. Obviously, if A G supp(M), then supp(M) C {\ + k\k G §}, the 
weight lattice. Two elements i,j G {A + k\k G §} are called adjacent if \i — j\ — |, 
otherwise, unadjacent. 

In this paper, our main result is the following theorem: 

Theorem 1. Let M be a simple weight NS— module. Assume that there exists 
A G C such that dimM A = 00. Then supp(M) — A + f and for each k G § we have 
dim(M A+fc ) = cx). 

In [7], Y. Su proved the following result which generalizes a theorem originally 
given as a conjecture by Kac in [4] on the Virasoro algebra and proved by Mathieu 
in [5]. 

Theorem 2. A Harish- Chandra module over SVir{9) is either a highest or lowest 
weight module, or else a module of the intermediate series. 

By Theorem 1 and 2, we get the following corollaries immediately: 
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Corrollary 3. Let M be a simple weight NS— module. Assume that there exists A G 
C such that < dimMA < oo. Then M is a Harish- Chandra module. Consequently, 
M is either a highest or lowest weight module, or else a module of the intermediate 
series. 

A weight iVS-module, M, is called mixed module if there exist A G C and k G f 
such that dimMA = oo and dimMA+fc < oo. 

Corrollary 4. There are no simple mixed iVS-modules. 

2. Proof of the Theorem 1 

Noting that {G_s, G_i , Gi , Ga} is a set of generators of NS, we have the fol- 
lowing fact immediately: 

Principal Fact: Assume that there exists ii G C and ^ v G M M , such that 
Giv = Gzv = or G_iv = G^sv = 0. Then M is a Harish-Chandra iVS'-module. 

2 2 2 2 

Lemma 1. If there are //,// G {A + G f } such that dimM M < oo and dimM^' < 
oo, then fi, fx' are adjacent. 

Proof. Suppose that there exist two unadjacent elements in {\ + k\k G f} cor- 
respond to finite-dimensional weight spaces or trivial vector spaces in M. Without 
loss of generality, we may assume that dimM A+ i < oo and dimMA+fc < oo, where 
k G {§, 2, |, 3, • • • }. Let V denote the intersection of the kernels of the linear maps: 

and 

Ek : M A — >■ M x+k . 

Since dimM A = oo, dimM A , i < oo, we know that the kernel kerGi of Gi : M A — > 

2 2 2 

M A+ i is infinite dimensional. Since dimMA + fe < oo, we also have that the kernel of 
Ek\kerGi '■ kerGi — > M\ +k is infinite dimensional. That is dimV^ = oo. 

if I G \ + N, 
if I G Z+ \ {1} 




= 0, v/ = i,M + ^ + V-- (i) 

If & = | then there exists ^ v G V such that Gif = 0, and M would be 

z 2 

a Harish-Chandra module by the Principal Fact, a contradiction. Thus k > | and 
dimGiV = oo. Since dimM A+ i < oo, there exists ^ w E GzV such that L_xw = 0. 
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Suppose w = GiU for some u G V. For all Z > k > §, using (1) we have 



E[iu = EiGsu 

Hence 



GsE lU + [E h Gz]u = 0, if £;G± + Z + , 
GlEiu + [£,, gJ]m = 0, if k G Z+. 



£ /W = 0, VZ = -1, Jfe, k + k + 1. • • • 
Since [L_i, £/] 7^ for all / > |, inductively, we get 

E lW = 0, VZ = i 1,|,2,.... 

Hence M is a Harish-Chandra module by the Principal Fact. A contradiction. Then 
the lemma follows. □ 
By Lemma 1, we see that there exist at most two elements in {\ + k\k G §} 
which correspond to finite-dimensional weight spaces or trivial vector spaces in M. 
Moreover, if there are two, then they are adjacent. 

Lemma 2. (i) Let 4 v G M be such that Giv = 0. Then 

2 

(-UGi - Gz)Gzv = 0. 

V 2 2 2> 2 

(ii) Let ^ iu G M be such that G_i«j = 0. Then 

v 2 

(-L-1GL1 +G_3)G'_3«; = 0. 

v 2 2 2 y 2 



Proof. Note that L\v = G1G1V = 0,L_iw = G_iG_iw = 0, we can easily check 
by a direct calculation that Lemma 2 holds. " □ 

Lemma 3. Let M be a simple weight ./VS'-module satisfying dimM^ < 00 and 
dimM M+ i < 00. Then /i G {-1, \}. 

Proof. Let V be the kernel of Gi : M„ 1 — y M a . Since dimM,, 1 = 00 and 

2 ^~2 , 

dimM M < 00, we see that dimV = 00. For any ^ v G V, consider the element Gzv. 

By the Principal Fact, Gzv = would imply that M is a Harish-Chandra module, a 

contradiction. Hence Gsv 4^ 0, in particular, dimGs V = 00. This implies that there 

2 2 
exists wGGiV such that to^O and G_iw = since dimM,, , 1 < 00. From Lemma 

2 '2 ^+2 

2 we have — Gs)w = 0. In particular, we have L_ 1 G_i (|LiGi —Gs)w = 0. 

By a direct calculation we obtain 

L_iG_i(-LiGi - G|) = 2L^ - 3L mod U(NS)G_i. 
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But w G M M+ i t which means L w = (fj, + l)w and hence 

2(/i+l) 2 - 3(^ + 1) = 0. 

So/iG{-l,±}. □ 
From Lemma 3 we know that if M has two finite dimension weight spaces, then 
they must be M_ 1: M_i or Mi, M { . 

Lemma 4. /j, ^ — 1 and ^ ^ \. 

Proof. By the symmetry, we need only to prove that /i ^ \. Let V be the kernel 
of Gi : Mq — > Mi. Then dimV = oo. For v G V, using Giv = L v = 0, we have 

GiG_iv = 2L v -G_iGiv = 0. (2) 

2 2 2 2 

If G_iV were infinite-dimensional, there would exists ^ w G G„il / such that 

2 2 

Giw = (by (2)) and Gzw = (since dimMi < oo). Then the Principal Fact 
would then imply that M is a Harish- Chandra module, a contradiction. Hence 

dimG_il / < oo. 

2 

This means that the kernel W of the linear map 

G_i : V ->■ M_i 

2 2 

is infinite-dimensional. For every s G W we have 

G , iG_ 3 :r = 2L_i:r-G'_3G'i:r = 0. (3) 

2 2 2 2 

If there exists ^ x e W such that G_sx = 0, then we would have G_3X = 

2 2 

= and the Principal Fact would imply that M is a Harish-Chandra module, 
a contradiction. Thus 

dimG_3_W = oo. 

2 

Let -ff denote the kernel of the linear map L2 : G_3 — >■ Mi. Since dimG_3 VF = 00 

22 2 

and dimMi < 00, we have dimH = 00. For every y G H, we also have Giy = by 
(3), implying by induction that -Efc-^ = for all k — |, 1, 2, |, 3, |, 4, • • • . If G3/1 = 
for some ^ h E H, then the Principal Fact implies that M is a Harish-Chandra 
module, a contradiction. Hence 

dimGaH = 00. 

2 

For every h e H and /c > 2, we have 



E^Gzh 



2Ls +k h - GsGkh = 0, if k G ± + Z+, 

' 3 2 fc )G3 +fe i + GaLfe/i = 0, if A;GZ + . 



Hence 

E k Gz_h = 0, Vfc = 2,|,3,|,4,|,--- . (4) 
Let, finally, K denote the infinite-dimensional kernel of the linear map 

Gi : GzH ->• Mi. 

2 2 2 

If = for some 7^ z G K, then the Principal Fact implies that M is a Harish- 
Chandra module, a contradiction. Hence Gzz ^ 0,V0 7^ 2 G if. For every z E K 
and fc > 2, by (4), we have dimGsff = 00 and 



E^Gzz 



2L± +k z - GzG k z = 0, if ke\ + Z +1 

(§-f)G3 +fc 2 2 + G3L fc 2 = 0. ifA;GZ+. 



Hence E k GzK = for all A; > 2. At the same time, since dimGaK = 00 and 

2 2 
dimMx < 00, we can choose some 7^ t G G3X such that = 0, by induction, 

we get E{t = for alH > and thus M is a Harish- Chandra module by the Principal 

Fact. This last contradiction completes the proof of lemma 4. □ 

By lemma 1, Lemma 3 and Lemma 4, we get the following lemma immediately: 
Lemma 5. There is at most one element /i G {\ + k\k G §} such that dimM M < 00. 

Now the proof of Theorem 1 follows from the following Lemma: 

Lemma 6. There is no \i G {A + k\k G f } such that dimM^ < 00. 

Proof. Suppose that dimM M < 00 and dimM„ = 00 for all fi ^ u E {\ + k\k E §}. 
Define 

V = ker(Gi : M^i ->■ M /I )r\ker(GiG_zGz : M^_i -»■ M^ker^L^Gz : M^_i ->■ 

W = ker(G_i : M^ + i ->■ M M )nA;er(G'_i Gs G_s : M^i ->■ M M )nfcer(L 1 G f _| : M M _i ->■ 

Since dimM 1 = 00 and dimM M < 00, V is a vector subspace of finite codimension 
in M^_i. Since dimM^i = 00 and dimM M < 00, W is a vector subspace of finite 
codimension in M + i . In order not to get a direct contradiction using the Principal 

Fact, we assume that Gzv 7^ for all 7^ v G V and G_zw 7^ for all 7^ w G W. 

2 2 

Then dimGaV = 00 and d\m.G_zW = 00. 

2 2 

Claim /x 7^ ±1. Moreover, for any v G V, w G W 7 , we have 

GiG_iGzv = rGsw, (5) 

2222 

G_iGiG_zw = r'G_zw, (6) 

222 2 

where T = MlKHpli and T ' = 0*-D( W) . 



Proof of the Claim. It can be checked directly that 

L-iG_i (^LiGi - Gs) = 2Ll - 3L - L GiG_i + 2GiG_i mod U(NS)L- U (7) 
and 

LiGi(^L_iG_i = -2Lg-3L + A>G-iGi +2G_iGi mod [/(NS)^. (8) 

For any 7^ t> G V, by Lemma 2(i) and (7), we have 

2L 2 G , 3t; - 3L G3t; - L Gi G_i G±v + 2d G_iGav = 0. 

2 2 222 222 

Then 

(2(/i + l) 2 - 3(/j + l))Gsv - (/i - = 0. 

If /x = 1, then G3V = 0, a contradiction. Thus /1 7^ 1, and (4) holds. 
For any 7^ w G W 7 , by Lemma 2(ii) and (8), we have 

-2LlG_zw - 3L Q G_zw + L G_iGiG_sw + 2G_iG± G_-±w = 0. 

u 2 2 222 222 

Then 

(2(/i - l) 2 + 3(/j - 1))G_3W -(fi+ 1)G_iGiG_3W = 0. 

If \x = —1, then G_3_w = 0, a contradiction. Thus pi 7^ —1, and (6) holds. This 
completes the proof of the Claim. 

By (4) and (6), we see that GiG_iGsv = if and only if /j, — |, G_iGiG_3_w = 
if and only if /1 = — |. There only two cases may occur: /x ^ {1, — 1, |} or 
/i ^ {1, — 1, — |}. Because of the symmetry of our situation, to complete the proof 
of the Theorem, it is enough to show that a contradiction can be derived when 
^ ^ {1,-1,1}. 

Suppose \i ^ {1, —1, |}, then r 7^ and G_iGzv 7^ for any 7^ v G V. Set 

S = G_iGsVf]W. 

2 2 

Since both G_iGzV and W 7 have finite codimension in M„ , 1 , we have dimS* = 00. 

2 2 " 2 

Note that 

G_s(^LiGi - Gs) = -GiG_i - -L 1 GiG_* + GsG_s - -c mod U(NS)L^ L . 

22 2 2 222 22 223 

For any v G V, by Lemma 2(i), (4) and the definition of V, we have 

2 

G , 3G , _3.G ! 3t> = G iG _iG iv H — cG3t> = pG§_v, for some p G C. (9) 

222 2 2 2 3 2 2 

Similarly, For any w G W, by 
Gs(^L_iG i+G s) = G iGi-^L_iG iGs-G sGs + ^cmod [/(iV5)Ii, 

2 V 2 ~2 ~2 7 "2 2 2 2 2 ~2 2 3 V 7 ' 



Lemma 2(ii) , (6) and the definition of W, we have 



2 

G_3_GzG_3W = G_iGiG_sw + -cG_3_w = qG_3W, for some q G C. (10) 

222 2 2 2 3 2 2 



Choose v G V such that ^ G_iGsv G S. Set 

2 2 

x = (j3i>, w = G_ix, h = G_3_x, z = G_±y. (11) 

2222 

By the definitions of W, S and (10), we have 

G_i(GsG_3y - qy) = - = 

and 

G_3(GzG_3y - qy) = G_3GzG_3y - qG_3 V = 0. 
So G3_G_3y — qy = by the Principal Fact, and we get the formula: 

Gsz = qy. (12) 

Moreover, we have 

Giz = GiG 3y = (2L_!-G 3 Gi )y = 2G 2 ,y-G 3G1G 1G3V = -tG 3 X = -rh, 

2 2 ~2^ V ~2 2 Ja ~2 ~2 2 ~2 2 ~2 

i.e., 

Giz = -rh. (13) 

Let [/+ and U- denote the subalgebras of U(NS), generated by G^Gs and 
G_i , respectively. We want to prove that the following vector space 

N = U + x © U + y © U_z © C/_/i 

is a proper weight submodule of M, which will derive a contradiction, as desired. 

Since x, y, z and h are all eigenvectors for L , we see that N decomposes into a 
direct sum of weight spaces which are obviously finite-dimensional. It remains to 
show that N is stable under the action of the following four operators: Gi , G§_ : G_i 
and G_3. That G±U + x C [/+£, GiU + y C G_iU-h C £/_/i and 

is clear for i = 1, 3. 

For any a G £/+,a G £/_, there exists dij,bij,Cij G £/+ and -, 6j ■, q ■ G 
such that 

G_ia = aG_i + a^-LpC 3 ' , 
G_3_a = aG_3_ + ^ a i:j L l c> + ^ b i:j L l c i L_ 1 + ^ c id L t c j G_i, 
Gia = a'Gi+J2 a 'i,j L o cj , 



Gza = a'Gs + %Ac? + KA^ L ^ + %A dG \- 

i,j i,j i,j 

Thus, to show G_±U+x,G_ 1 U+y,G±U-h,G 1 U^z C N, we need only to show that 
G iX,G iV,Gih,GiZ,G %GjX,G iGjy,GiG jh,GiG jz e N for %, j — 1, 3. 

~2 ~2^ 2 2 ' "2 2 ~ 2 2 2 _ 2 2 ~2 

Now we can check the following formulas one by one via the definitions of V, W, S 
and (5)-(13): 

G_ix = y, 

G_iy = 0, 
G_3X = h, 

2 

G_zy = z, 
Gih = GiG_zGsv = 0, 

2 2 2 2 

Giz = —rh, 

2 

Gzh = G aG _aG av = pGzv = px, 

2 2 2 2 2 

Gzz = qy, 
GiG_ax = 0, 

2 2 

GzG_zx = px, 

2 2 
2 "2^ ' 

GsG_zy = qy, 
G1G1G zy = 0, 

2 2 _ 2 W ' 

GzGiG_zy = —rpx, 
L_ix = G 2 _ix = 0, 

2 

£-iy = = o, 

2 

G_iGzh = py, 

2 2 

G_zGzh = ph, 

2 2 

G_iGzz = 0, 

2 2 

G_zGzz = qz, 

2 2 

G _iG _iG zh = 0, 

2 2 2 

G_zG_iGzh = pz, 

2 2 2 

Li/i = G\h = 0, 

2 

Liz = G\z = 0. 

2 

This completes the proof of Lemma 6 and then of Theorem 1 . □ 
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